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Abstract. The general structure of the spherically symmetric solutions in the Weyl conformal
gravity is described. The corresponding Bach equations are derived for the special type of
metrics, which can be considered as the representative of the general class. The complete
set of the pure vacuum solutions is found. It consists of two classes. The first one contains
the solutions with constant two-dimensional curvature scalar of our specific metrics, and
the representatives are the famous Robertson–Walker metrics. One of them we called the
“gravitational bubbles”, which is compact and with zero Weyl tensor. Thus, we obtained the
pure vacuum curved space-times (without any material sources, including the cosmological
constant) what is absolutely impossible in General Relativity. Such a phenomenon makes
it easier to create the universe from “nothing”. The second class consists of the solutions
with varying curvature scalar. We found its representative as the one-parameter family.
It appears that it can be conformally covered by the thee-parameter Mannheim–Kazanas
solution. We also investigated the general structure of the energy-momentum tensor in the
spherical conformal gravity and constructed the vectorial equation that reveals clearly some
features of non-vacuum solutions. Two of them are explicitly written, namely, the metrics a`
la Vaidya, and the electrovacuum space-time metrics.
1Corresponding author.
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1 Introduction
The history of the conformal gravity began in 1918 with the paper by H. Weyl [1]. His
motivation was to construct the unified theory of two (known at the time) fundamental fields:
electromagnetic and gravitational ones. Since the electromagnetic field (“identified with the
Maxwell equations”) is invariant under conformal transformations, H. Weyl proposed the
conformally invariant Lagrangian for the gravitational field. Then, it was recognized that
the Weyl’s gravity allows only the massless particles to exist. Moreover the Weyl’s Lagrangian
was quadratic in Riemann curvature tensor (and its convolutions, the Ricci tensor and scalar
curvature).
Meanwhile the General Relativity, based on the Einstein-Hilbert action, which is lin-
ear in the scalar curvature, appeared to be the simplest generalization of the nonrelativistic
Poisson equation of the Newton’s gravity. Because the General Relativity passed success-
fully several tests and confirmed its validity in the Solar System, it seems needless to deal
with a much more sophisticated fourth order partial differential equations, followed from the
quadratic Lagrangian.
The interest to conformal gravity was renewed in 1989 by P. D. Mannheim and D. Kaza-
nas [2]. They obtained the static spherically symmetric solution, depending on three arbitrary
constants, which generalizes the Schwarzschild solution of the General Relativity. The new
feature of this solution is the appearance of the term, linear in radius. It is the latter that
may be helpful in understanding the rotation curves of galaxies without introducing the dark
matter [3, 4]. Very soon P. D. Mannheim [5] showed that the conformal gravity vacuum
equations allow the de Sitter solution without the cosmological constant. P. D. Mannheim
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found also many other very interesting applications of the conformal gravity (see, e. g., re-
views [6, 7] and references therein). The causal structure of the static spherically symmetric
vacuum solution in conformal gravity was investigated in [8]. A specific modification of the
Weyl conformal gravity was proposed recently by J. T. Wheeler [9] by taking into account
the variations of all Cartan connection fields instead of the usual fourth-order, metric-only
variations. The resulting vacuum field equations reduce to the vacuum Einstein equations,
which may be suitable for a renormalizable quantization of the General Relativity. Cosmo-
logical theories with conformal symmetries attract wide attention and have many promising
perspectives in quantum field theory [10].
We mentioned above that the equations of motion in the conformal gravity contain
fourth order derivatives of the metric tensor. This leads to the instabilities of the solutions
in classical theory and to the appearance of ghosts in its quantum counterpart. As was
mentioned by G.’t Hooft [17], the main objection that this theory allows only traceless
energy-momentum tensor for the matter fields, can nowadays be removed by making use of
the Higgs mechanism for the spontaneous breaking conformal symmetry which was unknown
at the times of Einstein and Weyl. Moreover, G.’t Hooft managed to show [18] that the
conventional General Relativity can be reformulated in the conformally invariant form, and
the renormalizability condition will require the appearance of the quantum counter-term in
the total action which is exactly the same as that of the conformal gravity. In this way the
desired stability of the solutions may also be reached.
Meantime, our motivation for studying the conformal gravity is twofold. First, we
are interested in phenomenological description of particle creation in the presence of ex-
ternal gravitational and electromagnetic fields [11, 12]. As was shown by Ya. B. Zel’dovich,
I. D. Novikov and A. A. Starobinsky [13], the rate of particle creation in (weakly anisotropic)
cosmological models is proportional to the square of the Weyl tensor. In our scheme it will
enter into the total action integral with the Lagrange multiplier. Combined with the confor-
mal gravity action, we arrive at the very curious model with the effectively varying coupling
constant. The simplest way to probe such a feature is, of course, the homogeneous and
isotropic cosmological model. However, to our surprise, it appeared that for all these models
the Weyl tensor vanishes identically. So, in the conformal gravity the isotropic and homoge-
neous cosmological can be only the vacuum space-time. And this is our second motivation
reason.
The vacuum space-time is a very good candidate for the creation of the universe “from
nothing” [14]. We called “the gravitational bubble” one of the vacuum solutions in the
conformal gravity, which is compact and has zero Weyl tensor.
The idea that the initial state of the universe should be conformal invariant is advocated
also by R. Penrose [15, 16] and G. ’t Hooft [17]. But, how such an empty universe could
be filled with the matter (necessary massless in conformal gravity)? Surely, due to quantum
fluctuations, which will cause the local deviations of the Weyl tensor from zero. This, in
turn, will cause the creation of the massless particles, which, moving with the speed of light,
will deviate the Weyl tensor from zero in much more wider region, and so on, and so forth.
This process reminds the detonation wave and looks like the burning of the vacuum [19].
The questions arise: for how long this could last and what could be the result? In 1970
Ya.B.Zel’dovich showed [20] (see also [21, 22]) that the particle creation process can make the
universe isotropic, if its evolution started from the highly anisotropic (homogeneous) Kazner-
type initial state. Our situation is somewhat similar. At the same time, now we encounter the
problem. The isotropization and homogenization will lead to decreasing of both the particle
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creation rate and the square of the Weyl tensor. This is exactly the desirable behavior in our
scheme. However, the problem is in the absence of the isotropic and homogeneous solution in
the conformal gravity, except the vacuum one. This controversy is overcome by taking into
account not only the energy -momentum tensor of the already created particle, but also the
quantum corrections coming from the vacuum polarization and trace anomaly [21, 23–25].
In one-loop approximation the corresponding counter-terms can be incorporated into
the (gravitational) action integral as the curvature scalar (manifesting the renormalization of
the Newton’s constant), the cosmological constant and the the term, quadratic in the Ricci
tensor.
In our phenomenological scheme all this is encoded in the particle creation law, accom-
panied by the Lagrange multiplier. Because from the very beginning there is no Newton’s
constant, its renormalization means the emergency. Thus, while the Weyl tensor is gradu-
ally vanishing, the counter-terms, linear in the Ricci tensor and scalar curvature is becoming
dominant. In result, the General Relativity comes into play. The irreversible particle creation
process is the mechanism for the inevitable spontaneous symmetry breaking. We see that
the instabilities, inherent in the theories with higher (than the second) derivatives, play here
the very positive role, like in the Starobinsky’s inflationary scenario [26]
The paper is organized as follows: In Section 2 we derive the Bach equation in the
spherical symmetry by using the 2 + 2 decomposition of the metric. In Section 3 we de-
fine the general structure of the vacuum solutions in conformal gravity by using the double
null coordinates. In Section 3.3 we describe the restoration of radial coordinate in the de-
rived spherically symmetric vacuum solution and compare it with the known solution by
P. D. Mannheim, D. Kazanas [2]. In Section 4 we describe the structure of vacuum cos-
mological solutions with a constant curvature by using the general solution of the Liouville
equation. In Section 5 we consider the properties of the emergent energy-momentum tensor
in Bach equation. In Section 6 we consider the general properties a` la Vaidya solution in the
conformal gravity. Finally in Conclusion we briefly summarize the results.
2 Bach equation in spherical symmetry
The 4D curvature-quadratic action of the Weyl conformal gravity is
S = −α0
∫
CµνλσCµνλσ
√−gd4x, (2.1)
where the Weyl tensor is defined as
Cµνλσ = Rµνλσ +
1
2
(Rµσgνλ +Rνλgµσ −
−Rµλgνσ −Rνσgµλ) + 1
6
R(gµλgνσ − gµσgνλ) (2.2)
and α0 = const. The corresponding fourth order dynamical equations for the conformal
gravity were derived by R. Bach [27]:
Cµσνλ;λ;σ +
1
2
CµλνσRλσ =
1
8α0
T µν , (2.3)
where T µν is a matter energy-momentum tensor.
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Our main goal is to investigate the general properties and structure of the spherically
symmetric vacuum solutions of the Bach equations (2.3). In A we present the sketch for the
derivation of the dynamical equations of the conformal gravity from the Weyl action (2.1) in
the general case. In this Section we derive the corresponding form of the Bach equations in
the case of the spherical symmetry.
We use the following sign conventions: the metric signature (+,−,−,−), the Riemann
curvature tensor
Rµνλσ =
∂Γµνσ
∂xλ
− ∂Γ
µ
νλ
∂xσ
+ Γµ
κλΓ
κ
νσ − ΓµκσΓκνλ, (2.4)
and the Ricci tensor
Rνσ = R
µ
νµσ. (2.5)
Our formalism is based on the 2+2 decomposition, and we will use the following agreements
for indices:
• Greek indices from the middle of the alphabet µ, ν, σ, λ run the values 0, 1, 2, 3;
• Latin indices i, j, k, l run the values 0, 1;
• Greek indices from the beginning of the alphabet α, β, γ, δ run the values 2, 3.
We use the following 2 + 2 decomposition of the metric in the case of spherical symmetry:
ds2 = γikdx
idxk − r2(x)(dθ2 + sin2 θdϕ2)
= r2(x)[γ˜ikdx
idxk − (dθ2 + sin2 θdϕ2)] = r2(x)[ds˜22 − dΩ2], (2.6)
where
ds˜22 = γ˜ikdx
idxk (2.7)
is a 2-dimensional metric and dΩ2 = dθ2 + sin2 θdϕ2 is a line element on the 2-dimensional
unit sphere. Conformal symmetry allows us to withdraw the r2 from the metrics (2.6),
therefore in the following we will write the metric in the form
ds2 = γ˜ikdx
idxk − (dθ2 + sin2 θdϕ2). (2.8)
Further in this article the semicolon “;” means the covariant derivatives with respect to
the original fourth-dimensional metrics gµν , and the vertical bar “|” defines the covariant
derivatives for the two-dimensional metrics γik.
The corresponding non-zero affine connections are
Γikl = Γ˜
i
kl, (2.9)
Γ2µν =
1
2
gµν,2, Γ
2
33 = − sin θ cos θ, (2.10)
Γ3µν = −
1
2 sin2 θ
(g3µ,ν + g3ν,µ), Γ
2
23 = cot θ, (2.11)
where tilde ‘˜ ’ means the two-dimensional space-time with respect to the γik. The non-zero
components of the Riemann curvature tensor (2.4) are the following:
Riklm = R˜iklm =
R˜
2
(γilγkm − γimγkl), (2.12)
Rkm =
R˜
2
γkm, R22 = 1, R33 = sin
2 θ, (2.13)
R22 = R
3
3 = −1, (2.14)
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where R˜ is a two-dimensional scalar curvature.
Ri2λσ =
1
2
(Riσg2λ +R2λgiσ −Riλg2σ −R2σgiλ) + 1
6
R(giλg2σ − giσg2λ), (2.15)
Ri2k2 =
1
12
(R˜− 2)γik, (2.16)
R2323 =
1
6
(R˜− 2) sin2 θ, (2.17)
Ri3k3 =
1
12
(R˜− 2)γik sin2 θ. (2.18)
And the corresponding four-dimensional scalar curvature is
R = R˜− 2. (2.19)
The Weyl tensor (2.2) has the following non-zero components.
Ciklm =
1
6
(R˜ − 2)(γilγkm − γimγkl), (2.20)
C2323 =
(R˜ − 2) sin2 θ
6
, Ci2j2 =
(R˜− 2)γij
12
, (2.21)
Ci3j3 = Ci2j2 sin
2 θ. (2.22)
The “squared” Weyl tensor CµνσλC
µνσλ in the action (2.1) can be calculated either directly
or by using the identity
CµνσλC
µνσλ = RµνσλR
µνσλ − 2RµνRµν + 1
3
R2. (2.23)
In the spherically symmetric case both methods give us
C2 ≡ CµνλσCµνλσ = 1
3
(R˜− 2)2. (2.24)
The corresponding Bach tensor
Bµν = C
;σκ
µκνσ +
1
2
RκσCµκνσ (2.25)
has the following non-zero components:
Bik =
1
6
(R˜
|p
|pγik − Rˆ|ki) +
R˜2 − 4
24
γik, (2.26)
B22 =
1
12
[
R˜
|p
|p +
1
2
(R˜2 − 4)
]
, (2.27)
B33 =
1
12
[
R˜
|p
|p −
1
2
(R˜2 − 4)
]
sin2 θ = B22 sin
2 θ. (2.28)
3 General structure of vacuum solutions
From the results of Section 2 one has the following Bach equations in vacuum
Bik =
1
6
(R˜
|p
|pγik − Rˆ|ki) +
R˜2 − 4
24
γik = 0, (3.1)
B22 =
1
12
[
R˜
|p
|p +
1
2
(R˜2 − 4)
]
= 0. (3.2)
In this section we will present their general solutions.
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3.1 Double null coordinates
Let us introduce the double null coordinates in the 2-dimensional metrics:
ds22 = γikdx
idxk = 2e2ωdudv = 2Hdudv, (3.3)
i. e.
γik =
(
0 H
H 0
)
, γik =
(
0 H−1
H−1 0
)
. (3.4)
The non-zero components in this case
Γuuu =
H,u
H
, Γvvv =
H,v
H
, (3.5)
Ruvvu = (H,uH,v −HH,uv)/H, (3.6)
Ruv = (H,uH,v −HH,uv)/H2, (3.7)
R˜ = γikRik =
2
H
Ruv. (3.8)
With the use of (3.7) we have
R˜ =
2
H3
(−HH,uv +H,uH,v) = R+ 2, (3.9)
C1010 = −1
6
RH2, C2021 =
1
6
RH, C3031 =
1
6
RH sin2 θ, C3232 =
1
6
R sin2 θ. (3.10)
For any scalar A we have
A
|p
|p = γ
lmA|l|m =
2
H
A|uv =
2
H
(A,uv − ΓµuvA,µ) =
2
H
A,uv, (3.11)
The corresponding Bach equations in vacuum are the following ones:
Buv = 0 ⇒ R˜,uv = H
4
(R˜2 − 4), (3.12)
B22 = 0 ⇒ R˜,uv = H
4
(R˜2 − 4), (3.13)
Buu = 0 ⇒ R˜,uu = 0, ⇒ R˜,uu
R˜,u
=
H,u
H
, (3.14)
Bvv = 0 ⇒ R˜,vv = 0, ⇒ R˜,vv
R˜,v
=
H,v
H
. (3.15)
3.2 General solution of the Bach equation in the double null coordinates
From (3.14) and (3.15) we have the first integrals:
R˜,u = c1(v)H, R˜,v = c2(u)H. (3.16)
We choose new null coordinates u˜ and v˜ to “absorb” the functions c1(v) and c2(u) and retain
the coordinate “directions”, i. e., to hold true the inequalities du˜/du > 0 and dv˜/dv > 0.
This is possible, in general, if c1 6= 0 and c2 6= 0, let it be the case. In new coordinates we
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have R˜,u˜ = ±R˜,v˜ or R˜(z) = R˜(u±v) and R˜,u˜v˜ = ±R˜,u˜u˜. It means that our metrics, Eq. (3.3),
admits the Killing vector, time-like in the case z = u−v, and space-like in the case z = u+v.
Let us now c1(v) = 1, then R˜,u = H and
± R˜,zz = R˜,z(R˜2 − 4), z = u˜± v˜. (3.17)
We are lowering the order of differential equation by the standard procedure:
R˜,z ≡ Y (R,z) ⇒ dY
dR˜
=
R˜2
4
− 1 ⇒ ±Y = R˜
3
12
− R˜+ C0. (3.18)
So, the general spherically symmetric solution of the Bach equation in vacuum has the
form
ds22 = ±
1
6
(R˜3 − 12R˜+ C0)dudv, (3.19)
R˜ = R˜(z), z = u± v. (3.20)
Another choice, R˜,z = −H (c1(v) = −1), gives exactly the same result.
Surely, one may continue and solve the remaining first order differential equation in
order to obtain the solutions R˜(u, v) in the region between the horizons ( i. e., between the
roots of the equation R˜,z = 0). But, we will not do this here. Instead, we. first, introduce
the more customary “time” and “space” coordinates η and ξ by the relations u = η − ξ and
v = η + ξ. Then, dudv = dη2 − dξ2. Remember, that the only metric coefficient H depends
either on ξ, or on η, i. e., one of these coordinates is directed along the Killing vector, while
the other is orthogonal to it. The next step is to use the two-dimensional curvature scalar R˜
itself as this second coordinate. In this case the two-dimensional metrics takes very simple
and elegant form
ds˜22 = Adη
2 − dR˜
2
A
, (3.21)
where
A =
1
6
(
R˜3 − 12R˜+ C0
)
. (3.22)
If A > 0, the coordinate R˜ is spatial, and if A < 0, it plays the role of time. To convert the
above two-dimensional metrics into the four-dimensional one, we should just to add the line
element of the unit two-dimensional sphere. So,
ds˜24 = Adη
2 − dR˜
2
A
− (dθ2 + sin2 θdϕ2) , (3.23)
and this metrics can be called “the representative” of the whole family of the vacuum solutions
with non-zero two-dimensional curvature scalar.
For completeness, let us put now c1(v) = 0. Then, R˜,u = 0, R˜,uv = 0 and c2(u) = 0.
The vacuum solutions are R˜ = const = ±2. The detailed investigation will be described in
the separate Section.
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3.3 Restoration of the radial coordinate
The general four-dimensional vacuum solution solution can be written in the form
ds24 = Φ
2(η, R˜)
[
Adη2 − dR˜
2
A
− (dθ2 + sin2 θdϕ2)
]
, (3.24)
where Φ plays the role of the physical radius of the sphere. Let us make the coordinate
transformation (η, R˜) → (η, Φ). We prefer to leave the time coordinate unchanged because
it reminds us of the Killing vector. The result is
ds24 =
[
Φ2A− Φ
2
A
(∂Φ∂η )
2
(∂Φ
∂R˜
)2
]
dη2 − 2Φ
2
A
∂Φ
∂η
∂Φ
∂R˜
dηdΦ
− Φ
2
A
(
∂Φ
∂R˜
)−2
dΦ2 − Φ2(dθ2 + sin2 θdϕ2) . (3.25)
We see, that, in general, the metrics is not diagonal. Since the radius has the very obvious
physical meaning, we would like to construct yet another representative, with the radius as
one of the coordinates, and at the same time, where there exists the Killing vector. It is
possible, if the radius depends only on R˜, we will denote it r(R˜). To specify the function
r(R˜) we demand that the resulting metrics should be the Mannheim–Kazanas solution [2].
For this, it is sufficient to require
dR˜
dr
=
C1
r2
=⇒ R˜ = −C1
r
+ C2 (3.26)
The, after redefinition of the time coordinate, we get
ds24 = Fdt
2 − dr
2
F
− r2(dθ2 + sin2 θdϕ2) (3.27)
For the function F(r) we find the polynomial expression
F (r) =
C2
2
− C1
6r
+
(4− C22 )
2C1
r +
C2(C
2
2 − 12)− C0
6C21
r2 (3.28)
One can easily express the coefficients in the Mannheim–Kazanas solution in terms of our
C1, C2, C0 coefficients by the relations:
C2
2
= 1− 3βγ, β(2− 3βγ) = C1
6
, (3.29)
γ =
4− C22
2C1
, k =
C2(12 − C22) + C0
6C21
. (3.30)
It is interesting to compare the obtained vacuum solution with the well known spheri-
cally symmetric vacuum solutions to the Einstein equations of General Relativity. The latter
ones are described by the metrics of the form
ds2 = Fdt2 − dr
2
F
− r2(dθ2 + sin2 θdϕ2), (3.31)
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F = 1− 2Gm
r
− Λ
3
r2, (3.32)
where G is the Newton’s constant, m is the mass parameter, and Λ is the so called cosmo-
logical term. When Λ = 0, we have the famous Schwarzschild solution, if m = 0 — the
de Sitter (Λ > 0) and anti-de Sitter (Λ < 0) solutions, and for nonzero mass they called
Schwarzschild-de Sitter and Schwarzschild-anti-de Sitter solutions, correspondingly. In order
to reach our goal we need to calculate the scalar curvature R˜ for the truncated metrics
ds˜22 =
Fdt2
r2
− dr
2
Fr2
, (3.33)
and made a transformation to the coordinates (t, R˜). The result is
R˜ = 2− 12Gm
r
, (3.34)
ds˜22 =
(12Gm)2F
r2
d
(
t
12Gm
)2
− r
2
(12Gm)2F
dR˜2 = Adη2 − dR˜
2
A
, (3.35)
where
η =
t
12Gm
; A =
(
12Gm
r
)2
F. (3.36)
Substituting r from Eq. (3.34) one gets
A =
1
6
[R˜3 − 12R˜ + 16− 2(12Gm)2Λ]. (3.37)
We see that the spherically symmetric vacuum solutions of General Relativity are reproduced
for the special value of our C0, C1 and C2 constants, namely
C2 = 0, C1 = 12Gm, C0 = 16− 2(12Gm)2Λ. (3.38)
4 Solutions with constant curvature
The vacuum solutions with a constant curvature R˜ require R˜ = ±2, but it appeared possible
to find all the spherically symmetric solutions with R˜ = const in conformal gravity. And this
is the subject of the present Section.
The two-dimensional space-time metric (3.21) with a constant curvature R˜ in the double
null coordinates (u, v) is defined by the solution of equation (3.9):
R˜ =
2
H3
(−HH,uv +H,uH,v) = const, H = e2ω. (4.1)
In terms of the function ω this equation takes the form
ω,uv = − R˜
4
e2ω. (4.2)
This is the Liouville equation in the differential geometry (see, e. g., [28]):
∂2Y
∂u∂v
= aeλY (4.3)
for function Y = ω with constants a = −R˜/4 and λ = 2. The general solution Liouville
equation is
Y =
1
λ
[f(u) + g(v)] − 2
λ
ln
∣∣∣∣k
∫
exp[f(u)] du +
aλ
2k
∫
exp[g(v)] dv
∣∣∣∣ , (4.4)
where f = f(u), g = g(v) are the arbitrary functions, and k is an arbitrary constant.
The two-dimensional metrics with constant curvature can be written in the form:
ds22 =
2
k2
dFdG(
F − R˜4k2G
)2 = 8|R˜| du˜dv˜(u˜± v˜)2 , (4.5)
where
F =
∫
ef(u)du = u˜, G =
∫
eg(v)dv =
∣∣∣∣2kR˜
∣∣∣∣
2
v˜. (4.6)
The metric function H depends, respectively, on u˜ − v˜ at R˜ > 0 and u˜ + v˜ at R˜ < 0. For
H > 0 we have u˜ = t− x and v˜ = t+ x, i. e., every two-dimensional space-time of this kind
admits the Killing vector, either time-like, or space-like.
In the case R˜ > 0 we have z = u − v, wuv = −wzz. The Liouville equation takes the
form
ω,zz =
R˜
4
e2ω. (4.7)
By defining new function y = 2ω, we may reduce the order of the differential equation:
y,zz =
R˜
2
ey, y,z = p(y), y,zz = p
′p ⇒ p = ±
√
R˜ey + c. (4.8)
Here c is the integration constant. Solution of the last equation is
z = ±
∫
dy√
R˜ey + c
= ∓2
∫
dα√
R˜+ cα2
, α = e−y/2. (4.9)
In the special case of c = 0 solution is√
R˜
2
|z| = e−y/2. (4.10)
This solution with v = t+ x, u− v = −2x corresponds to the metric
ds22 =
2
R˜x2
(dt2 − dx2). (4.11)
In the case of c > 0 solution (4.9) takes the form
z = ∓ 2√
c
arcsh
(
α
√
c√
R˜
)
(4.12)
with
α =
√
R˜√
c
sh
(∓√cz/2) = e−y/2. (4.13)
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H = ey =
c
R˜ sh2 (
√
cz/2)
=
c5
R˜ sh2
(√
c5x
) . (4.14)
At last, in the case of c < 0 solution (4.13) takes the form
z = ∓ 2√−c arcsin
(
α
√−c√
R˜
)
(4.15)
with
α =
√
R˜√−c sin |
√−cz/2| = e−y/2. (4.16)
H = ey =
−c
R˜ sin2
(√−cz/2) = −cR˜ sin2 (√−cx) . (4.17)
Respectively, in the case R˜ < 0 we have z = u+ v, wuv = wzz. The Liouville equation takes
the form
ω,zz = − R˜
4
e2ω =
|R˜|
4
e2ω. (4.18)
All the preceding solutions are reproduced by substitution R˜→ |R˜| and xR˜→ t.
We see that, up to the overall conformal factor, all the solutions with constant two-
dimensional curvature R˜ can be cast in the Robertson-Walker form. And for R˜ > 0 they
represent the isotropic and homogeneous universes with either positive, negative or zero spa-
tial curvature. If R˜ = +2, these universes are empty and with zero Weyl tensor. It is
such a solution with positive spatial curvature that we called “the gravitational bubble”.
The case R˜ < 0 differs from the above one in that the Robertson-Walker radial coordinate
becomes time-like. Thus, we obtained the pure vacuum curved space-times (without any ma-
terial sources, including the cosmological constant) what is absolutely impossible in General
Relativity. Such a phenomenon makes is easier to create the universe from “nothing”.
Note also, that the very existence of two different spherically symmetric vacua manifests
the spontaneous symmetry breaking, because the vacuum with R˜ = 2 is isotropic, while that
one with R˜ = −2 — is not. Surely, this symmetry breaking is not what one wants and needs
(emergent General Relativity, the possibility to have the matter energy-momentum tensor
with nonzero trace and so on), but still this provides us with some hopes.
5 General structure of the energy-momentum tensor
and vectorial equation
In the preceding Section we found the non-vacuum solutions with constant two-dimensional
curvature scalar R˜ for our specific choice of the spherically symmetric metrics,
ds24 = γ˜ikdx
idxk − (dθ2 + sin2 θdφ2) . (5.1)
The corresponding energy-momentum tensor equals
T˜ik = α0
R˜2 − 4
3
γ˜ik, T˜
2
2 = T˜
3
3 = −
α0
3
(R˜2 − 4),
Tr(T˜ µν ) = Tr(T˜
i
k) + 2T˜
2
2 = T˜ + 2T˜
2
2 = 0. (5.2)
In the present Section we are going to rewrite the tensorial spherically symmetric Bach
equations in the more simple and, visually more convenient, vectorial form.
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But, before doing this, some important notes are in order. This concerns the structure
of the energy-momentum tensor in the conformal gravity. First (and this is the commonly
mentioning fact), the energy-momentum tensor should be traceless. This follows immedi-
ately from the required conformal invariance of the matter part of the total action inte-
gral. Indeed, under the conformal variation of the metric tensor, δgµν = 2e
2ω g˜µνδω2gµνδω
(δgµν = −2gµνδω),
0 = δSmatter = δ
∫
Lmatter
√−gdx def≡ 1
2
∫
Tµν
√−g δgµνdx
= −
∫
Tµνg
µν√−g δωdx =⇒ Tr(T µν ) = 0. (5.3)
Second, let us compare two energy-momentum tensors for two metrics related by the confor-
mal transformation. For this, we should consider another type of variation which does not
affect the conformal factor, namely, δgµν = e−2ωδg˜µν . Again,
0 = δSmatter = δ
∫
Lmatter
√−gdx def≡ 1
2
∫
Tµν
√−g δgµνdx
=
1
2
∫
T˜µν
√
−g˜ δg˜µνdx =⇒
√
−g˜Tµν δgµν =
√
−g˜T˜µν δg˜µν . (5.4)
Therefore,
Tµν = e
−2ωT˜µν , T
ν
µ = g
νλTµλ = e
−4ω g˜νλT˜µλ = e
−4ωT˜ νµ . (5.5)
It can be shown (see Appendix A) that the same law holds for the Bach tensor as well,
Bνµ = e
−4ωB˜νµ , (5.6)
therefore, everything is self-consistent. By the way, for the general form of the spherical
metrics, namely,
ds24 = Φ
2(x)(y˜ikdx
idxk − (dθ2 + sin2 θdϕ2)) (5.7)
where Φ(x) plays the role of the physical radius of the sphere, the structure of the energy-
momentum tensor in the case of constant two-dimensional curvature scalar R˜, is
T νµ =
α0
3
R˜2 − 4
Φ4
diag(1, 1, −1, −1) (5.8)
i. e., exactly the same as for the spherically symmetric Coulomb-like field.
Now, let us come to the point. We need only the two-dimensional part of the Bach
equations
B˜ik =
1
6
(
R˜
|p
|pγ˜ik − R˜|ik
)
+
R˜2 − 4
24
γ˜ik =
1
8α0
T˜ik (5.9)
written for our specific choice of the metrics (without radius). The equation for B˜22 (= B˜
3
3)
is the algebraic consequence of the above ones, since the bach tensor is traceless. We see,
that the two-dimensional curvature scalar R˜ plays the very important role. Geometrically,
the world-lines R˜ = const could be time-like, space-like, or null. This is determined by the
(pseudo-Euclidian) square of the normal vector, we will denote it ∆˜:
∆˜ = γ˜ikR˜,iR˜,k, (0 = dR˜ = R˜,idx
i). (5.10)
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So, ∆˜ > 0 for space-like, ∆˜ < 0 for time-like and ∆˜ = 0 for null world-lines R˜ = const.
Taking trace of the Eq.(5.9) and solving it for R˜
|p
|p we arrive at
R˜
|k
|i +
R˜2 − 4
4
δki =
3
4α0
(
T˜ δki − T˜ ki
)
, (5.11)
where T˜ = γ˜ikT˜ik. The convolution with the co-vector R˜|i = R˜,i gives us
R˜
|k
|i R˜|k +
1
4
(R˜2 − 4)r˜|i =
3
4α0
(
T˜ R˜|i − T˜ ki R˜|k
)
. (5.12)
The first term can be expressed in terms of ∆˜:
∆˜,i = ∆˜|i = 2R˜
|k
|i
R˜|k , (5.13)
and we get the desired vectorial equation,(
2∆˜ +
1
3
(R˜3 − 12R˜)
)
,i
=
3
α0
(
T˜ R˜,i − T˜ ki R˜,k
)
. (5.14)
It is not difficult to show that the integrability condition is provided by the continuity equa-
tion for the energy-momentum tensor.
As an example, let us apply this vectorial equation to the situation when R˜, as well as
the physical radius Φ = r can be used as the spatial coordinate. Then, ∆˜ = γ11 < 0, and
− γ11 = 1
6
(
R˜3 − 12R˜
)
− 3
2α0
∫
T˜ 00 dR˜ . (5.15)
Assuming now that R˜ = R˜(r) and remembering that for the Mannheim–Kazanas solution
we had dR˜dr =
C1
r2 , the term with the integral can be rewritten as follows:
r0∫
0
T˜ 00 dR˜ =
r0∫
0
r4T 00
dR˜
dr
dr = C1
r0∫
0
T 00 r
2dr , (5.16)
what is proportional to the total mass, including the gravitational mass defect, inside the
sphere of the radius r0, as it was defined in [29].
6 Solution a` la Vaidya
The Vaidya solution is the solution of the Einstein equations for the gravitating spherically
symmetric radiation, radially outgoing or ingoing. We would like to find its counterpart in
the discussed conformal gravity. To be specific, we consider in details the case of the outgoing
rays.
As before, we should, first, choose the form of the 2-dimensional metrics. Evidently,
the most suitable coordinates now are the null coordinate u (“retarded time”) and the 2-
dimensional curvature scalar R˜:
ds22 = Adu
2 + 2BdudR˜. (6.1)
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We will use the index “0” for u and “1” for R˜. Then metric coefficients γ00 = A, γ01 = γ10 =
B, γ11 = 0, respectively, for the inverse metric, γ
00 = 0, γ01 = γ10 = 1/B, γ11 = −A/B2.
The energy-momentum tensor for the radiation has the form
Tik = lilk, (i, k = 0, 1), (6.2)
where li is the null vector: γikl
ilk = 0. Hence A(l0)2 + 2Bl0l1 = 0. For the outgoing rays,
l0 = 0 and l0 = Bl
1, l1 = 0, so
T00 = B(l
1)2, T01 = T10 = T11 = 0. (6.3)
The corresponding Bach equations are
B00 =
1
6
[
A
R˜2 − 4
4
+
1
B
(
A′
2
−AB
′
B
)(
1− A
B2
)]
= − 1
8α
T00, (6.4)
B01 =
B
6
(
A′B′
B3
− A
′
2B2
+
R˜2 − 4
4
= 0
)
, (6.5)
B11 =
1
6
B′
B
= 0. (6.6)
From the last equation we have B = B(u) and by rescaling the null coordinate, we can make
B = ±1. By taking limit of the well known Schwarzschild solution, we conclude that for the
outgoing rays there should be B = 1. From (6.6) for the metric coefficient A it is now easy
to get
A =
1
6
[R˜3 − 12R˜ + C0(u)], (6.7)
where the integration “constant” C0(u) is an arbitrary function of u. Thus
ds22 =
1
6
[R˜3 − 12R˜+ C0(u)]du2 + 2dudR˜. (6.8)
We see that the only difference from the vacuum solution is that the constant of integration
C0 becomes now the function of the retarded time (outgoing null coordinate), what confirms
our interpretation of the total mass of the gravitating source as the part of C0. Of course,
to get the general solution, we should add the metrics of the 2-dimensional unit sphere, and
then multiply all this by the physical radius squared.
7 Electrovacuum solution
It was already mentioned that the energy-momentum tensor for the spherically symmetric
Coulomb field equals
T νµ =
e2
8piΦ4
diag(1, 1,−1,−1). (7.1)
Consequently, its two-dimensional truncated counterpart is simply
T˜ ki =
e2
8pi
δki , (7.2)
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where δki is the unit tensor (Kronecker symbol). Substituting this into our vectorial equation,
one gets immediately
A =
1
6
[
R˜3 −
(
12 +
9e2
4piα0
)
R˜+ const
]
. (7.3)
The structure of the metrics is the same as in the vacuum case. Note, that now it is impossible
to recover the famous Reissner–Nordstrom solution of General-Relativity for any choices of
the constant of integration and the radius Φ(R˜).
8 Conclusion
Here we summarize the results obtained, and make some notes. The general structure of the
spherically symmetric solutions in the Weyl conformal gravity is described. The correspond-
ing Bach equation are derived for the special type of metrics, which can be considered as the
representative of the general class. The complete set of the pure vacuum solutions is found.
It consists of two classes.
The first one contains the solutions with constant two-dimensional curvature scalar
of our specific metrics, and the representatives are the famous Robertson–Walker metrics.
One of them we called the “gravitational bubbles”, which is compact and with zero Weyl
tensor. Thus, we obtained the pure vacuum curved space-times (without any material sources,
including the cosmological constant) what is absolutely impossible in General Relativity.
Such a phenomenon makes is easier to create the universe from “nothing”. There are two
different spherically symmetric vacua (up to the conformal transformation). This manifests
the spontaneous symmetry breaking, because the vacuum with R˜ = 2 is isotropic, while that
one with R˜ = −2 — is not. Surely, this symmetry breaking is not what one wants and needs
(emergent General Relativity, the possibility to have the matter energy-momentum tensor
with nonzero trace and so on), but still this provides us with some hopes.
The second class is more general, with varying curvature scalar. We found its repre-
sentative as the one-parameter family. It appears that it can be conformally covered by the
thee-parameter Mannheim–Kazanas solution.
The difference between our solution and the Mannheim-Kazanas one is that the latter
depends on three integration constants up to the overall arbitrary conformal factor, while
ours has only one integration constant (and an arbitrary conformal factor). It is also shown
that two extra constants appear in the process of partial restoration of the arbitrariness in
the general form of the metrics. In this way our solution is more general and original.
We also investigated the general structure of the energy-momentum tensor in the spher-
ical conformal gravity and constructed the vectorial equation that reveals clearly the same
features of non-vacuum solutions. Two of them, the metrics a` la Vaidya and the electrovac-
uum metrics, are explicitly written.
We showed that for the equations of motion to be conformally invariant it is sufficient to
have the traceless energy-momentum tensor of the matter fields. Moreover, for two metrics
that differ only by the conformal factor, the corresponding energy-momentum tensors differ
by definite powers of this very conformal factor. In other words, the pure conformal freedom
in choosing the metrics holds only for the vacuum space-times.
Some feature of the vacuum solution with varying two-dimensional truncated scalar cur-
vature R˜ ( i. e., outside the material source) may allow us to explain the observed accelerated
expansion in our universe. Indeed, let us assume that R˜ is increasing function of the radius
(like in General Relativity) and put the observer at the center. Then, adding the ordinary
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(not exotic) matter layer by layer we will reduce more and more the constant C0 in the solu-
tion. This corresponds to the greater and greater values of the effective cosmological constant
outside these layers. Eventually one comes to the situation when attraction of the test bodies
will be replaced by the repulsion. In a sense, this is the kinematic effect, it depends on the
position of central observer and the amount of matter between his (her) and the point of
observation. Moreover, it does not mean that the universe as a whole is expanding with the
acceleration.
We intend to apply and generalize the above formalism to the initial state of the universe
and the subsequent particle creation. In a sense, it can be considered as the pre-inflationary
stage.
A Derivation of Bach equations
The variation of the action (2.1) is
δS = −α0δ
∫
CµνλσCµ′ν′λ′σ′g
µµ′gνν
′
gλλ
′
gσσ
′√−gd4x (A.1)
= −2α0
∫
Cµνλσ(δCµνλσ)
√−gd4x− 4α0
∫
C
κλσγC
λσγ
ρ δg
κρ√−gd4x (A.2)
−α0
∫
C2(δ
√−g)d4x, (A.3)
where we used the notation C2 ≡ CµνλσCµνλσ . To calculate (A.2) we write down Cµνλσ
in terms of the Riemann and Ricci according to the definition (2.2). Then, equation(A.2)
becomes
− 2α0
∫
Cµνλσ [δRµνλσ − 2Rµλ(δgνσ)]
√−gd4x. (A.4)
The major part of terms are canceled due to symmetries of the Weyl tensor Cµνλσ. Now,
writing Rµνλσ = gµκR
κ
νλσ we get
δRµνλσ = (δgµκ)R
κ
νλσ + gµκ(δR
κ
νλσ). (A.5)
In the following we use equations (16.3) and (16.4) from [30]:
δΓλµσ =
1
2
gλν
[
(δgνµ);σ + (δgνσ);µ − (δgµσ);ν
]
, (A.6)
δRκνλσ = (δΓ
κ
νσ);λ − (δΓκνλ);σ . (A.7)
As the next step, we integrate the (A.2) by parts and use the Gauss theorem. When omitting
the surface terms, (A.2) is reduced to
− 2α0
∫ [
CµκλσRν
κλσ + 2C
µσλν
;λ;σ − 2CσνλµRσλ
]
δgµν
√−g d4x. (A.8)
By using formulas δgκρ = −gκµgρνδgµν and δ
√−g = √−ggµνδgµν/2, we are able to write
the terms (A.2) and (A.3), respectively, in the forms
4α0
∫
CµλσγC
νλσγδgµν
√−gd4x (A.9)
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and
− 1
2
α0
∫
C2gµνδgµν
√−gd4x. (A.10)
The first term in the square brackets in (A.8) we transform with the help of the relation
CµκλσCν
κλσ = C
µκλσRν
κλσ + C
µκλνR
κλ, (A.11)
which follows from the definition of the Weyl tensor (2.2). Then, from the sum of (A.8),
(A.9) and (A.10) we obtain the field equations in the form
Cµσνλ;λ;σ +
1
2
CµλνσRλσ +
1
2
CµκλσCν
κλσ −
1
8
C2gµν = 0. (A.12)
Note that the last two terms are canceled due to relation
CµκλσCν
κλσ =
1
4
C2gµν , (A.13)
which is an algebraic relation (16.35) from [30], rewritten in terms of the Weyl tensor. Here
it must be taken in mind that both in the metric and in the Weyl tensor in [30] there is a
multiplier (−1) in comparison with the definitions of [29], which are used here. Finally, the
vacuum field equations (the Bach equations) take the form
Cµσνλ;λ;σ +
1
2
CµλνσRλσ = 0. (A.14)
The 2nd term in (A.14) is symmetric in µ and ν due to the symmetries of Cµλνσ and Rλσ.
To show the symmetry of the 1st term one can write
Cµσλν;ρ;κ − Cµσλν;κ;ρ = −CγσλνRµγρκ + ... (A.15)
and obtain that Cµσνλ;λ;σ = C
µσνλ
;σ;λ identically.
If there is a matter with the energy-momentum tensor T µν , then the matter variation
is [29]
δSm = −1
2
∫
T µν(δgµν)
√−gd4x, (A.16)
and the field equations become
Cµσνλ;λ;σ +
1
2
CµλνσRλσ =
1
8α0
T µν . (A.17)
If the action (2.1) contains the variable coefficient λ(x) instead of the constant α0, the
corresponding field equations take the form(
λ(x)Cµσνλ
)
;λ;σ
+
1
2
λ(x)CµλνσRλσ =
1
8
T µν . (A.18)
Note that the conformal invariance of the action (2.1) does not mean the conformal
invariance of the Bach tensor
Bµν ≡ Cµ ;λ;σσνλ +
1
2
CµλνσR
λσ. (A.19)
Under the conformal transformation
g˜µν = e
2ωgµν (A.20)
the Bach tensor transforms as
B˜µν = e
−4ωBµν . (A.21)
So, the conformal transformation of the metrics must be accompanied by the corresponding
transformation of the energy-momentum tensor.
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